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Abstract
The group F was invented in the 1960’s by Richard Thompson. Geoghegan then asked the question of whether or not F is an
example of a finitely presented nonamenable group which has no free subgroup on two generators. We show that F is nonamenable
if and only if there exist subsets in the positive monoid P of F which satisfy certain properties.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In the 1960’s, Richard Thompson invented a triple of groups F ⊂ T ⊂ V , which have since appeared throughout
many different branches of mathematics. For example, they have provided a technique for constructing an elementary
example of a finitely presented group which has an unsolvable word problem [13], the universal obstruction to a
problem in homotopy theory [10], the structure group for the associative law [7], and the first example of a group
which is torsion-free, infinite dimensional, and of type F∞ [3,4]. Also, the groups T and V were used to give the first
examples of infinite, finitely presented, simple groups [14]. For more details about Thompson’s groups F , T , and V ,
see [1,2,5,9].
We define Thompson’s group F to be the group of right fractions of the monoid P defined by the presentation
〈x0, x1, x2, . . . | xnxm = xmxn+1 for n > m〉. We call P the positive monoid of F .
Our two main tools for studying F and P will be rooted binary trees and binary forests. Here we consider only
rooted binary trees which have a finite number of carets, and whose roots are on top. The rooted binary tree which
has no carets, and consists of just a single point is called the trivial tree. We define a (k,m)-binary forest F to be a
sequence (starting the count at zero) of rooted binary trees such that F has a total of exactly m carets, and such that
for each i ≥ k + 1, the i th tree of F is trivial. The following is an example of a (3, 19)-binary forest.
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We denote the set of all (k,m)-binary forests by Sk,m , and for each k, we letWk =∐∞m=1 Sk,m .
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We can inductively define a left to right enumeration on the leaves of a rooted binary tree τ . If τ is trivial, then the
enumeration is trivial. Assume that we can enumerate the leaves of any rooted binary tree which has n or fewer carets.
Let τ be a rooted binary tree which has n+ 1 carets. Let α and β denote the subtrees of τ whose roots are the left and
right children of the root of τ , respectively. Enumerate all leaves of α and β, starting the enumeration on the leaves
of β at the number which is one more than the number assigned to the rightmost leaf of α. The following example
illustrates the enumeration on the leaves of a rooted binary tree which has eight carets.
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We can use this enumeration on the leaves of a rooted binary tree to enumerate the leaves of a binary forest F . We
enumerate the leaves of each tree of F , starting the enumeration on the leaves of i + 1st tree at the number which is
one more than the number assigned to the rightmost leaf of i th tree. The following example shows the enumeration
on the leaves of a (4, 20)-binary forest.
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With this enumeration on the leaves of a binary forest, we can define a multiplication on the set of all binary forests.
Given two binary forests F and G, construct a new binary forest FG by attaching the i th tree of G to the i th leaf of F .
In the following example, we illustrate the multiplication of a (2, 3)-binary forest F with a (6, 12)-binary forest G.
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Together with this multiplication, the set of all binary forests forms a monoid which is isomorphic to the positive
monoid P . In particular, for each n, the generator xn of P is the binary forest all of whose trees are trivial except for
the nth tree, which consists of just a single caret.
We say that a subset A ⊆ S0,k is ruinous if for each m, and for each subset U ⊆ Sk,m , |AU | ≥ 2|U |. We say that a
subset U ⊆ Sk,m is thin with respect to A if |AU | < 2|U |. It is known that S0,k is not ruinous for k = 1, 2, 3. It is also
known that if |A| = 3, then A is not ruinous [8]. However, when k ≥ 4, the question of whether or not there exists a
ruinous subset of S0,k is still open.
Let S be a semigroup. Let B(S) denote the set of all bounded real valued functions on S. Given f ∈ B(S) and
s ∈ S, define fs ∈ B(S) by fs(x) = f (sx) for all x ∈ S. We say that S is left amenable if there exists µ : B(S)→ R
such that for all f, g ∈ B(S), for all s ∈ S, and for all r ∈ R:
1. infx∈S f (x) ≤ µ( f ) ≤ supx∈S f (x)
2. µ( fs) = µ( f )
3. µ( f + g) = µ( f )+ µ(g)
4. µ(r f ) = rµ( f ).
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We call µ a left invariant mean on S. We say that a group G is amenable if it is left amenable. The question of
whether or not the group F is amenable is still open [5]. In this paper, we show that F is nonamenable if and only if
S0,k is ruinous for some k.
2. Some preliminary results
In the proof of Lemma 1 below, we use the following generalization of the well-known Marriage Theorem of
Hall [12]. In the statement of this theorem, Γ = (B, D) will be a bipartite graph, and for any U ⊆ B, we denote the
set of all d ∈ D such that d is the endpoint of an edge in Γ whose other endpoint is in U by ΓU .
Theorem 1 (Generalized Marriage Theorem). Let Γ = (B, D) be a bipartite graph, and let r be a positive integer.
If for each U ⊆ B, |ΓU | ≥ r |U |, then there exists a subgraph Γˆ of Γ such that no two edges in Γˆ have the same
endpoint in D and every element of B is the endpoint of r edges in Γˆ .
Lemma 1. Let A ⊆ S0,k , and let a1, . . . , an be all the elements of A. The following are equivalent:
(i) A is ruinous.
(ii) For each m, there exists a function fm : ASk,m → Sk,m such that for each x ∈ Sk,m , there exist ai , a j ∈ A, i 6= j ,
such that fm(ai x) = fm(a j x) = x.
(iii) For each m, there exist n pairwise disjoint subsets Hm,1, . . . , Hm,n ⊆ Sk,m and n pairwise disjoint subsets
Km,1, . . . , Km,n ⊆ Sk,m such that the sets a1Hm,1, . . . , anHm,n, a1Km,1, . . . , anKm,n are pairwise disjoint and
Sk,m =∐ni=1 Hm,i =∐nj=1 Km, j .
(iv) There exist n pairwise disjoint subsets D1, . . . , Dn ⊆ Wk and n pairwise disjoint subsets E1, . . . , En ⊆ Wk
such that the sets a1D1, . . . , anDn , a1E1, . . . , anEn are pairwise disjoint andWk =∐ni=1 Di =∐nj=1 E j .
(v) There exist n pairwise disjoint subsets Q1, . . . , Qn ⊆ P and n pairwise disjoint subsets T1, . . . , Tn ⊆ P such
that the sets a1Q1, . . . , anQn, a1T1, . . . , anTn are pairwise disjoint and P =∐ni=1 Qi =∐nj=1 T j .
Proof. We define the relevant sets and functions, and leave it to the reader to check most of the details.
(i)⇔ (ii). Assume (i). We define a bipartite graph Γ = (B, D) in the following way: let B = Sk,m , let D = ASk,m ,
and define eb,d to be an edge from b ∈ B to d ∈ D if there exists a ∈ A such that ab = d. Since A is ruinous, then
for each U ⊆ B, |ΓU | ≥ 2|U |. (ii) now follows by the Generalized Marriage Theorem.
Assume (ii). Let U ⊆ Sk,m . Since for each x ∈ U , there exists ai x, a j x ∈ AU , with ai x 6= a j x , such that
fm(ai x) = fm(a j x) = x , then |AU | ≥ 2|U |.
(ii) ⇔ (iii). Assume (ii). Let m ≥ 0. Since for each x ∈ Sk,m , | f −1m (x)| ≥ 2, then there exist two functions
g j : Sk,m → ASk,m ( j = 1, 2) such that for each x ∈ Sk,m , g1(x), g2(x) ∈ f −1m (x), and g1(x) 6= g2(x). For each i ,
define Hm,i = {x ∈ Sk,m | g1(x) = ai x} and Km,i = {x ∈ Sk,m | g2(x) = ai x}.
Assume (iii). Let m ≥ 0. There exist two functions d1 : ∐ni=1 aiHm,i → Sk,m and d2 : ∐ni=1 aiKm,i → Sk,m
such that for each x ∈ Sk,m , there exists ai , a j ∈ A, i 6= j , such that d1(ai x) = x and d2(a j x) = x . Fix an element
σ ∈ Sk,m . Define fm : ASk,m → Sk,m by fm(z) = d1(z) if z ∈ ∐ni=1 aiHm,i , fm(z) = d2(z) if z ∈ ∐ni=1 aiKm,i , and
fm(z) = σ otherwise.
(iii)⇔ (iv). Assume (iii). For each i , define Di =∐∞m=1 Hm,i and Ei =∐∞m=1 Km,i .
Assume (iv). Let H0,1 = K0,n = S0,0. For i ≥ 2, let H0,i = ∅, and for j ≤ n − 1, let K0, j = ∅. Let m ≥ 1. For
each i , define Hm,i = Sk,m ∩ Di and Km,i = Sk,m ∩ Ei .
(iv) ⇔ (v). Assume (iv). Let R = {w ∈ P | trees 0 through k of w are trivial}. Let Y = {w ∈ P | at least one
of trees 0 through k of w is nontrivial, and at least one tree of w beyond the kth tree is nontrivial}. If w ∈ Y , then
w can be written uniquely as a product GwFw, where Gw ∈ R and Fw ∈ Wk . For each w ∈ Y , there exist i, j ,
such that Fw ∈ Di and Fw ∈ E j . For each i , let Hi = {w ∈ Y | Fw ∈ Di } and Ki = {w ∈ Y | Fw ∈ Ei }. Let
Q1 = R ∪ H1 ∪ D1. For i ≥ 2, let Qi = Hi ∪ Di . For j ≤ n − 1, let T j = K j ∪ E j . Let Tn = R ∪ Kn ∪ En .
Let w ∈ P . If all of trees 0 through k of w are trivial, then w ∈ R ⊆ Q1. Otherwise, there exists i such that w ∈ Di
or w ∈ Hi , which implies that w ∈ Qi . Thus, P =∐ni=1 Qi . A similar argument shows that P =∐ni=1 Ti .
Suppose that there exists z ∈ a1R ∩ anR. It follows that both a1 and an are tree 0 of z, which implies that a1 = an ,
a contradiction.
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Suppose that there exists z ∈ a1R ∩ aiHi . Since z ∈ a1R, then tree 0 of z has exactly k carets. Since z ∈ aiHi ,
then tree 0 of z has at least k + 1 carets. Thus, we have a contradiction. Similar arguments show that for each i , and
for j = 1, n, a j R ∩ aiKi = ∅, a j R ∩ aiHi = ∅, a j R ∩ aiDi = ∅, and a j R ∩ ai Ei = ∅.
Suppose that there exists z ∈ aiDi ∩ a jH j . Since z ∈ aiDi , then all trees of z beyond tree 0 are trivial. Since
z ∈ a jH j , then at least one tree of z beyond tree 0 is nontrivial. Thus, we have a contradiction. Similar arguments
show that for all i, j , aiDi ∩ a jK j = ∅, ai Ei ∩ a jH j = ∅, and ai Ei ∩ a jK j = ∅.
Suppose that there exists z ∈ aiHi ∩ a jH j , where i 6= j . Since z ∈ aiHi , then there exists hi ∈ Hi such that
z = aihi . Thus, tree 0 of z is aiFhi . Likewise, there exists h j ∈ H j such that z = a jh j , which implies that tree 0 of z
is a jFh j . Thus, aiFhi = a jFh j , which implies that aiDi ∩ a jD j 6= ∅, a contradiction. Similar arguments show that
for i 6= j , aiKi ∩ a jK j = ∅, and that for all i, j , aiHi ∩ a jK j = ∅.
That the sets a1Q1, . . . , anQn, a1T1, . . . , anTn are pairwise disjoint now follows immediately.
Assume (v). For each i , define Di = Qi ∩Wk and Ei = Ti ∩Wk . 
The proof of the following lemma is left to the reader.
Lemma 2. Let U ⊆ P.
1. Let n ≥ 0. If |S0,k+nU | < 2|U |, then |S0,kU | < 2|U |.
2. Let 0 ≤ j ≤ k. If |S0,kU | < 2|U |, then |S j,k− jU | < 2|U |.
3. For all k,m, q ≥ 0, Sk,mSk,q ⊆ Sk,m+q .
4. If H is a finite subset of P, then there exists k,m ∈ Z such that H ⊆∐mi=0 Sk,i .
The following theorem was proven independently by Følner, Frey, and Namioka. A proof can be found in [6].
Theorem 2. A cancellative semigroup S is left amenable if and only if there exists δ > 0 such that for each nonempty,
finite subset H ⊆ S, there exists a nonempty, finite subset E ⊆ S such that for each h ∈ H, |E ∩ hE ||E | > δ.
3. The main theorem
Theorem 3. Thompson’s Group F is nonamenable if and only if the set S0,k is ruinous for some k.
Proof. Assume that S0,k is ruinous for some k, and let a1, . . . , an be all the elements of S0,k . Suppose that P
is left amenable. Then there exists a left invariant mean µ on P . Given a subset S ⊆ P , let χS denote the
characteristic function of S. By part (v) of Lemma 1, we see that 1 = supx∈P χ(a1Q1∐···∐ anQn∐ a1T1∐···∐ anTn)(x)≥ µ(χ(a1Q1∐···∐ anQn∐ a1T1∐···∐ anTn)) = µ(χa1Q1 + · · · + χanQn + χa1T1 + · · · + χanTn ) = µ(χa1Q1) + · · · +
µ(χanQn )+µ(χa1T1)+ · · ·+µ(χanTn ) = µ((χa1Q1)a1)+ · · ·+µ((χanQn )an )+µ((χa1T1)a1)+ · · ·+µ((χanTn )an ) =
µ(χQ1) + · · · + µ(χQn ) + µ(χT1) + · · · + µ(χTn ) = µ(χQ1 + · · · + χQn ) + µ(χT1 + · · · + χTn ) = µ(χ∐ni=1 Qi ) +
µ(χ∐n
j=1 T j ) = µ(χP ) + µ(χP ) = 2, a contradiction. Thus, it follows that P is not left amenable, and consequently,
that F is nonamenable [11].
We prove the converse by proving its contrapositive. Assume that for each q, S0,q is not ruinous. Let H be a
nonempty, finite subset of P . By Lemma 2, part 4, there exists k,m ∈ Z such that H ⊆ ∐mi=0 Sk,i . Let U be thin
with respect to S0,k+5m . Let E = ∐3mi=0 Sk+2m,iU . It follows by Lemma 2, part 1, that for i = k + 2m, . . . , k + 5m,|S0,iU | < 2|U |. Thus, it follows by Lemma 2, part 2, that for i = 0, . . . , 3m, |Sk+2m,iU | < 2|U |. Therefore,
|E | < (3m + 1)(2|U |) = (6m + 2)|U |, which implies that 1|E | > 1(6m+2)|U | . Since for each i , Sk,i ⊆ Sk+2m,i ,
then H ⊆ ∐mi=0 Sk,i ⊆ ∐mi=0 Sk+2m,i . Let h ∈ H . There exists p, 0 ≤ p ≤ m, such that h ∈ Sk+2m,p. Thus,
it follows by Lemma 2, part 3, that for i = 0, . . . , 3m − p, hSk+2m,iU ⊆ Sk+2m,p+iU ⊆ E . Therefore, hU ∐
hSk+2m,1U
∐
hSk+2m,2U
∐ · · ·∐ hSk+2m,3m−pU ⊆ E ∩ hE . Since for i = 0, . . . , 3m − p, |hSk+2m,iU | ≥ |U |,
then |E ∩hE | ≥ (3m− p+1)|U |. Thus, |E ∩ hE ||E | ≥ (3m−p+1)|U |(6m+2)|U | = 3m−p+16m+2 > 13 . Therefore, it follows by Theorem 2
that P is left amenable, and consequently, that F is amenable [11]. 
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